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Lecture 3B. 2D Plate modeled using CST finite elements
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Finite element method
(FEM1)



one-quarter model with
two finite elements
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Model of a rectangular plate
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pmax=60MPa
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thickness 2mm



3

CST element in Plain Stress

where: 𝑎1 = 𝑥2𝑦3 − 𝑥3𝑦2 ; 𝑎2= 𝑥3𝑦1 − 𝑥1𝑦3 ; 𝑎3= 𝑥1𝑦2 − 𝑥2𝑦1
𝑏1 = 𝑦2 − 𝑦3 ; 𝑏2= 𝑦3 − 𝑦1 ; 𝑏3= 𝑦1 − 𝑦2
𝑐1 = 𝑥3 − 𝑥2 ; 𝑐2= 𝑥1 − 𝑥3 ; 𝑐3= 𝑥2 − 𝑥1

shape functions = normalized area coordinates:

𝑁1(𝑥, 𝑦) =
𝐴1(𝑥,𝑦)

𝐴𝑒
=

1

2𝐴𝑒
(𝑎1+ 𝑏1𝑥 + 𝑐1𝑦)

𝑁2(𝑥, 𝑦) =
𝐴2(𝑥,𝑦)

𝐴𝑒
=

1

2𝐴𝑒
(𝑎2+ 𝑏2𝑥 + 𝑐2𝑦)

𝑁3(𝑥, 𝑦) =
𝐴3(𝑥,𝑦)

𝐴𝑒
=

1

2𝐴𝑒
(𝑎3+ 𝑏3𝑥 + 𝑐3𝑦)

1(𝑥1, 𝑦1)

2 (𝑥2, 𝑦2)

3 (𝑥3, 𝑦3)

𝑥

𝑦

𝑣1

𝑢2

𝑣2

𝑢3

𝑣3

𝛺𝑒

𝑢1
𝑢

𝑣

(𝑥, 𝑦)

𝑎𝑖 = 𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗
𝑏𝑖 = 𝑦𝑗 − 𝑦𝑘
𝑐𝑖 = 𝑥𝑘 − 𝑥𝑗

𝑘 𝑒 = 𝐴𝑒𝑡𝑒 𝐵 𝑇 𝐷 𝐵
6 × 6 6 × 3 3 × 3 3 × 6

𝑙𝑜𝑐𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡:

𝐷 =
𝐸

(1 − 𝜈2)

1 𝜈 0
𝜈 1 0

0 0
1

2
(1 − 𝜈)3 × 3

𝐶𝑜𝑛𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑣𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟 𝑃𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑒𝑠𝑠

𝐵 =
1

2𝐴𝑒

𝑏1 0 𝑏2
0 𝑐1 0
𝑐1 𝑏1 𝑐2

0 𝑏3 0
𝑐2 0 𝑐3
𝑏2 𝑐3 𝑏3

Strain−displacement matrix
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①

②

③

𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑙𝑜𝑐𝑎𝑙
x

y

𝑎𝑖 = 𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗
𝑏𝑖 = 𝑦𝑗 − 𝑦𝑘
𝑐𝑖 = 𝑥𝑘 − 𝑥𝑗① ②

③

𝐵 =
1

2𝐴𝑒

𝑏1 0 𝑏2
0 𝑐1 0
𝑐1 𝑏1 𝑐2

0 𝑏3 0
𝑐2 0 𝑐3
𝑏2 𝑐3 𝑏3

𝐷 =
𝐸

(1 − 𝜈2)

1 𝜈 0
𝜈 1 0

0 0
1

2
(1 − 𝜈)

Calculating the element 1 matrices
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6 × 3 3 × 3 3 × 6

Matrix multiplication example:

Calculating the element 1 matrices
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element matrix of element 1:

𝑘 𝑒 = 𝐴𝑒𝑡𝑒 𝐵 𝑇 𝐷 𝐵
6 × 6 6 × 3 3 × 3 3 × 6

Calculation of the stiffness matrix of element 1



7

extended stiffness matrix of element 1:

Determination of the extended stiffness matrix of element 1
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x

y

③ ②

①

Calculating the element 2 matrices

𝑎𝑖 = 𝑥𝑗𝑦𝑘 − 𝑥𝑘𝑦𝑗
𝑏𝑖 = 𝑦𝑗 − 𝑦𝑘
𝑐𝑖 = 𝑥𝑘 − 𝑥𝑗

𝐵 =
1

2𝐴𝑒

𝑏1 0 𝑏2
0 𝑐1 0
𝑐1 𝑏1 𝑐2

0 𝑏3 0
𝑐2 0 𝑐3
𝑏2 𝑐3 𝑏3

𝐷 =
𝐸

(1 − 𝜈2)

1 𝜈 0
𝜈 1 0

0 0
1

2
(1 − 𝜈)

①

②

③

𝑙𝑜𝑐𝑎𝑙
𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛
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element matrix of element 2:

Calculation of the stiffness matrix of element 2
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extended stiffness matrix of element 2:

Determination of the extended element stiffness matrix 2
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global stiffness matrix:

extended stiffness matrix of element 1: extended stiffness matrix of element 2:

Determination of the global stiffness matrix
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Introduction of boundary conditions to the global stiffness matrix

Boundary
conditions



      







−=== )1(,0)(,0, max

l

s
pspppp yx

x

y

pmax=60MPa

mml 50= s

   

 
.

,,,,,

)(0)(0)(0

0)(0)(0)(
)(),(

.

2654321

0 321

321

2

pppppp

l

yx

p

FFFFFF

ds
sNsNsN

sNsNsN
spsphF

=

=







= 

2

13
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23
s
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0

𝑙

𝑝𝑥, 𝑝𝑦
𝑁1 0 𝑁2

0 𝑁1 0
0 𝑁3 0
𝑁2 0 𝑁3

d𝑠

Equivalent load vector of surface loads
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①

②

③

Equivalent load vector of surface loads
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1xR

1yR
2yR

4xR
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Determination of nodal displacements



B1q1

D1

16

Determination of strain and stress in element 1



B2q2

D2

17

Determination of strain and stress in element 2
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Determination of elastic strain energy in elements

𝑈𝑒 =
1

2
׬ 𝜀 𝜎 d𝛺𝑒 =

1

2
𝜀 𝜎 ׬ d𝛺𝑒

𝛺𝑒 1 × 3 3 × 1 1 × 3 3 × 1 𝛺𝑒
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Determination of solutions at point P on the boundary of elements
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① ②

③
Determination of solutions at point P on the boundary of elements
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①

②③

Determination of solutions at point P on the boundary of elements
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①

②③

Determination of solutions at point P on the boundary of elements



UX displacement

x

y

P

00195.0−
[mm]

00195.0−
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Displacements at point P on the boundary of elements



UY displacement

x

y

[mm]P
0076.0

0076.0 24

Displacements at point P on the boundary of elements



Strain in X at the boundary of elements

x strain

x

y

25



Strain in Y at the boundary of elements

y strain

x

y

26



Shear strain at the boundary of elements

xy strain

x

y

27



x stress

x

y

[MPa]
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Stress in X at the boundary of elements



y stress
x

y

[MPa]
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Stress in Y at the boundary of elements



xy stress
x

y

[MPa]
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Shear stress at the boundary of elements
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Strain in Z at the boundary of elements
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The impact of discretization on the quality of results
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Horizontal stress x

[MPa]
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The impact of discretization on the quality of results
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Vertical stress y

[MPa]
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The impact of discretization on the quality of results



x

y
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Shear stress xy

[MPa]
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The impact of discretization on the quality of results
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The impact of discretization on the quality of results
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